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Abstract. In this paper, we establish a Marcinkiewicz type interpolation theo- 
rem for convex functions of maximal functions in the noncommutativc setting. As 
applications, we prove the noncommutativc analogue of the Doob inequality for 
convex functions of maximal functions on martingales, the analogue of the classical 
Dunford-Schwartz maximal ergodic inequality for convex functions of positive con- 
tractions, and that of Stein's maximal inequality for convex functions of symmetric 
positive contractions. As a consequence, we obtain the moment Burkholder-Davis- 
Gundy inequality for noncommutativc martingales. 



1. Introduction 

Given a probability space (f2,^, P), let {^n}n>i be a nondecreasing sequence of a- 
subfields of ^ such that ,^ = \/,^n. Suppose that $ is a convex function from [0, oo) into 
[0, oo) satisfying $(0) = and the growth condition $(2t) < C<t{t) for any t>Q (i.e., the 
so-called A2-condition). It was proved by Burkholder, Davis, and Gundy in [9] that 



(1.1) 



for aU martingales / = (/n)n>i based on (fi, {j?'„}„>i, P), where df = {df„)n>i is 
the martingale difference of /. For convex powers ^(t) — , this result was proved by 
Burkholder [7] in the case where 1 < p < oo and for p = 1 by Davis [12]. Also, the 
inequality holds for < p < 1 if / is restricted, see [10] for detailed information. As shown 
in [9] (see also [8]), (1.1) has important implications for continuous-time martingales. 

However, the noncommutative case is surprisingly different. Indeed, it was shown in 
[20], Corollary 14, that (1.1) does not hold for ^{t) = t in general. A natural question 
arises: what assumptions on "I> imply the validity of (1.1) in the noncom- mutative setting 
? Our answer to this question, which is one consequence of our main results in this paper, 
reads as follows: (See Section 2 for the definitions of p<s> and q<s>.) 

Theorem 1.1. Let M be a finite von Neumann algebra with a normalized normal faithful 
trace r, equipped with a filtration {Mn)n>o of von Neumann subalgebras of M. Let $ be 
an Orlicz function, and let x = {xn)n>o be a noncommutative Lis, -martingale with respect 
to [Mn)n>o- // 1 < p# < ?s < 2, then 

r($[sup+x„]) 

(1.2) f °° i ^ 

.inf .($[(^|d,.|^)^])+.(<I>[(^|d4| 



2010 Mathematics Subject Classification: 46L53, 46L51. 

Key words: Noncommutativc martingale, noncommutative maximal function, interpolation. 

T. Bekjan is partially supported by NSFC grant No. 11071204. 

Z. Chen is partially supported by NSFC grant No. 11171338. 

A. OsQkowski is supported in part by MNiSW Grant N N2Q1 364436. 



2 



T. N. Bekjan, Z. Chen, and A. Os^kowski 



where the infimum runs over all decomposition Xn = Vn + Zn with yn in 71% (-^) ond z, 
in ^^{M); and i/2 < p# < g# < oo, then 



Here, the definition of T($[sup„'''a;n]) for a noncommutative sequence (xn) will be di- 
rectly derived from Pisier's theory of vector-valued noncommutative Lp-spaces. In fact, 
we will present a slight variant of Pisier's definition on maximal functions in the noncom- 
mutative setting (sec Sect. 3, Definition 3.2 below). 

Note that stopping times and good-A techniques developed by Burkholder et al. (see 
[8] for details) are two key ingredients in the proof of (1.1). However, these concepts 
do not appear to have a trackable non-commutative extension (there are some works 
on this topic, see [2] and references therein). These deficiencies have been overcome 
recently in the theory of noncommutative martingales. In fact, most of the classical 
martingale inequalities have been successfully transferred to the noncommutative setting. 
This general theme started from the fundamental paper of Pisier and Xu [30] where 
they formulated the right analogue of Burkholder-Gundy inequalities. It was their general 
functional analytic approach that led to the renewed interests in this topic, see for example 
[6, 18, 19, 20, 22, 27, 28, 32, 33, 34] and references therein. Wo also refer the reader to a 
recent book by Xu [36] for a comprehensive exposition of the subject. 

In particular, using the techniques developed for noncommutative martingales, as well 
as operator space theory and theory of interpolation of Bamach spaces, Junge and Xu [21] 
proved a noncommutative analogue of the classical Dunford-Schwartz maximal ergodic 
inequality for positive contraction on Lp, and the analogue of Stein's maximal inequality 
for symmetric positive contractions on Lp, 1 < p < oo. As a consequence, they obtained 
a generalization of Yeadon's theorem [37] to noncommutative Lp for all 1 < p < oo. The 
maximal inequalities they obtained constitute a significant breakthrough in the noncom- 
mutative ergodic theory. Their result on Stein's maximal inequality was further extended 
by the first named author [3] . 

We will establish Theorem 1.1 by proving the following noncommutative extension of 
Doob's martingale inequality. 

Theorem 1.2. Let M he a finite von Neumann algebra with a normalized normal faithful 
trace t, equipped with a filtration {A4„)n>o of von Neumann subalgebras of M. Let $ be an 
Orlicz function and x = (a;„) be a noncommutative L^ -martingale with respect to (Mn)- 
7/ 1 < p* < < oo, then 



Our key ingredient is a noncommutative extension of Marcinkiewicz type interpolation 
theorem for convex functions of maximal functions, which we will prove in this paper. We 
note that the formulation of this was directly derived from Pisier's theory of vector-valued 
noncommutative Lp-spaces (see [18, 29]). Our proofs combine arguments developed by 
Junge and Xu in [21] and by the present authors in [4], respectively. 

This interpolation result is also applied to obtain the noncommutative analogue of the 
classical maximal ergodic inequality for convex functions of contractions. To state this, 
we need some notation. 

Let be a semifinite von Neumann algebra with a normal semifinite faithful trace 
T, and let Lp{M) be the associated noncommutative Lp-space. Consider a linear map 
T : M 1-^ M which may satisfy the following conditions: 

(I) T is a contraction on M, that is, jjTxjj < jjxjj for all x € M. 




n 



(1.3) 




(1.4) 
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(II) T is positive, i.e., Tx >0 ii x >0. 

(III) ToT <T, that is, t{Tx) < t{x) for all x G Li{M) n M+. 

(IV) T is symmetric relative to r, i.e., T{{Ty)*x) = T{y*Tx) for all a;,?/ £ L2{M) n >1. 
Under conditions (I)-(III), T naturally extends to a contraction on Lp{M) for every 1 < 
p < oo. The extension will be still denoted by T. 

The following is the second main result of this paper. 

Theorem 1.3. Let $ be an Orlicz function with 1 < p<s> < q<s> < oo. If T : A4 i-^ M is a 
linear map satisfying (/) — (III), then 



(1.5) 



sup+M„(x) 



<t($[|x-|]), ^xeL^iM), 



where Mn := l^fe^o f°''' ^ 1- If; *™ addition, T satisfies (IV), then 



(1.6) 



T $ 



sup+T''(a;) 



< 



T(*[|a;|]), Va; € L^iM). 



The inequality (1.5) is the noncommutative analogue of the classical Dunford-Schwartz 
maximal ergodic inequality for convex functions of positive contractions, while (1.6) is 
the analogue of Stein's maximal inequality for convex functions of symmetric positive 
contractions. As mentioned previously, the proofs of (1.5) and (1.6) are again based on 
our noncommutative integral inequalities for convex functions of max;imal functions. 

The paper is organized as follows. In Section 2, we present some preliminaries and 
notations on noncommutative Orlicz spaces, Orlicz-Hardy spaces of noncommutative mar- 
tingales, and maximal functions in the noncommutative setting. Then, a noncommutative 
analogue of Marcinkicwicz type interpolation theorem for convex functions of maximal 
functions is proved in Section 3, which is the key ingredient of the proofs of our results. 
In Section 4 we establish Theorems 1.1, 1.2, and 1.3. Finally, in Section 5, the results 
obtained in the previous sections are extended to cover weak type inequalities, as well as 
maximal inequalities on noncommutative symmetric spaces. 

In what follows, C always denotes a constant, which may be different in different places. 
For two nonnegative (possibly infinite) quantities X and K by X < K we mean that there 
exists a constant C > such that X < CY, and by X w F that X <Y and Y <X. 



2. Preliminaries 

2.1. Noncommutative Orlicz spaces. We use standard notions from theory of noncom- 
mutative I/p-spaces. Our main references are [31] and [36] (see also [31] for more historical 
references). Let A/" be a semifinite von Neumann algebra acting on a Hilbcrt space H 
with a normal semifinite faithful trace v. Let Lo(A/') denote the topological *-algebra of 
measurable operators with respect to (A/", v) . The topology of Lo (Af) is determined by 
the convergence in measure. The trace v can be extended to the positive cone L J (Af) of 
MAT) : 

POO 

iy{x)= / Xdu{Ex{x)), 
Jo 

where x = \dE\{x) is the spectral decomposition of x. Given < p < oo, let 

Lp(A/') = {x& Lo{M) : v{\x\'')^ < oo}. 

We define 

\\x\\p = v{\x\n-, x€Lp{Af)- 

Then {Lp{J\f), \\.\\p) is a Banach (or quasi-Banach for p < 1) space. This is the noncom- 
mutative Lp-space associated with (J\f,v), denoted by Lp{N,v) or simply by Lp(J\f). As 
usual, we set Loo (AA, v) = M equipped with the operator norm. 
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For X € Lo{Af) we define 

X,{x) = T{ej{\x\)) {s > 0) and nt{x) = inf{s > : Xs{x) < t} {t > 0), 

where e^(|a;|) — ef^s,oo){\x\) is the spectral projection of \x\ associated with the interval 
(s,oo). The function s i->- \s{x) is called the distribution function of x and iJ,t{x) is the 
generalized singular number of x. We will denote simply by A(a;) and jj.{x) the functions 
s As (a;) and t i— > i-it{x), respectively. It is easy to check that both are decreasing and 
continuous from the right on (0, oo). For further information we refer the reader to [17]. 
For < p < oo, we have the Kolmogorov inequality 

(2.1) A.(cc)<M, vs>0, 

for any x € Lp{J\f). If x,y in Lq{M), then 

(2.2) A2. {x + y)<\s{x) + Xs {y) , Vs > 0. 

Let $ be an Orlicz function on [0, cx)), i.e., a continuous increasing and convex function 
satisfying <I>(0) = and limt^oo ^{t) = oo. Recall that $ is said to satisfy the A2-condition 
if there is a constant C such that <J>(2f) < C^{t) for all i > 0. In this case, we write $ G A2. 
It is easy to check that $ G A2 if and only if for any a > there is a constant Ca > 
such that $(at) < Ca"I>(t) for all t > 0. 

For any x G Lo{Af), by means of functional calculus applied to the spectral decompo- 
sition of \x\, we have 



f Xs{\x\)d^s)= f ^fj,t{x))dt, 
Jo Jo 



(e.g., see [17].) Recall that for any x,y ^ Lq{M) there exist two partial isometries u,v € N 
such that 

(2.3) |a;-|-j/| < w*|a;|w-|-v*|j/|w, 

(see [1]). Then, we have 

v{^{\ax + (1 - a)y\)) < apm\x\)) + (1 - a)i.($(|j/|)) 
for any < a < 1 and x,y G Lo{J\f). In addition, if $ G A2, then 

HH\^ + 2/1)) < [i^mm + Hm\))] ■ 

We will frequently use these two inequalities in what follows. 

We will work with some standard indices associated to an Orlicz function. Given an 
Orlicz function let 

M(t,$) = sup5^, t>0. 

s>0 ^(*) 



Define 



logM(t,$) logM(i,$) 
p# = lim —2- — ^ , = hm 



t-\0 logt ' tyoo logt 

Note the following properties: 

(1) 1 < < < 00. 

(2) The following characterizations of and g* hold 

p* = sup |p > : J* s-^*(s)y = Oit-^^t)), Vt > 0|; 

g* = inf|g>0: s-'^$(s)^ = 0(t-'*(t)), Vt > o|. 

(3) $ G A2 if and only if gj. < 00, or cquivalcntly, sup(>(, t$'(t)/$(f) < 00. (<E>'(f) is 
defined for each t > except for a countable set of points in which we take $'(t) as 
the derivative from the right.) 
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See [25, 26] for more information on Orlicz functions and Orlicz spaces. 

For an Orlicz function $, the noncommutative Orlicz space Z/*(A/') is defined as the 
space of all measurable operators x with respect to {M, f) such that 

.(*(M))<„ 

for some c > 0. The space Li,(J\f), equipped with the norm 

\\x\\g> = inf {c> : iy{^{\x\/c)) < l}, 

is a Banach space. If = with 1 < p < oo then L#(A/') = Lp{N). Note that if 
3> e A2, then for x € Lo{Af), i>{^{x)) < 00 if and only if a; € L^{N). Noncommutative 
Orlicz spaces are symmetric spaces of measurable operators as defined in [15, 35]. 
Let a = (ttn) be a finite sequence in Lci>(A/'). We define 

M\l^{M,iI) = and l|a|li^(jv_^2^) = || ( Kl^) ' ||^- 

n n>0 

respectively. This gives two norms on the family of all finite sequences in Lis,{J\f) (see [4] 
for details). The corresponding completion L$(A/', i'o) is a Banach space. It is clear that 
a sequence a = (o„)„>o in Lij,{M) belongs to L^{M,Pc) if and only if 

sup (V'lafcl^)M < 00. 

n>0ll^^ ^ II* 

If this is the case, ( X)fcLo I'^fcl^) ^ appropriately defined as an element of L*(A/'). 

Similarly, || • ^2^) is also a norm on the family of all finite sequence in L<s>{Af), and 

the corresponding completion Lg,{N,l\) is a Banach space, which is isometric to the row 
subspace of L^{Af®B{£^)) consisting of matrices whose nonzero entries lie only in the first 
row. Observe that the column and row subspaces of L<s>{Af <S B{£^)) are 1-complemented 
by Theorem 3.4 in [16]. 

In what follows, unless otherwise specified, we always denote by 3> an Orlicz function. 

2.2. Noncommutative martingales. Let TVf be a finite von Neumann algebra with a 
normalized normal faithful trace t. Let {M.n)n>o be an increasing sequence of von Neu- 
mann subalgebras of M such that Un>oM.n generates A4 (in the w*-topology). (A^n)?i>o 
is called a filtration of A4. The restriction of r to A4n is still denoted by r. Let £„ — 
£{-\M.n) be the conditional expectation of M with respect to Mn- Then is a norm 1 
projection of L^{M) onto L#(A1„) (see Theorem 3.4 in [16]) and £nix) > whenever 
a; > 0. 

A noncommutative L#-martingale with respect to (A1n)n>o is a sequence x = {xn)n>o 
such that Xn € L^{Mn) and 

^n(a^n + l) — Xn 

for any n > 0. Let [ja;]]* = sup„>g ||a;n||#. If ||a;||# < 00, then x is said to be a bounded 
L$-martingale. 

Remark 2.1. Let jM be a semifinite von Neumann algebra with a semifinite normal 

faithful trace r. Let {A4n)n>o be a filtration of A4 such that the restriction of r to each 
Ain is still semifinite. Then we can define noncommutative martingales with respect to 
(A1,i)n>(). AH results on noncommutative martingales that will be presented below can 
be extended to this semifinite setting. 

Let a; be a noncommutative martingale. The martingale difference sequence of x, 
denoted by dx = {dXn)n>o, is defined as 

dXo = Xo, dXn = Xn — Xn-1, 1% > 1. 
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Set 

n 1 n 1 

k=0 k=0 

By the preceding discussion, dx belongs to Li,{M, £c) (rcsp. Lg,{M, £%)) if and only if 
(Sn {x))„>o (resp. (5',^(a;))„>o) is a bounded sequence in _L#(A4); in this case, 

OO I OC 1 

k=0 k=0 

are elements in L#(A1). These are noncommutative analogues of the usual square functions 
in the commutative martingale theory. It should be pointed out that the two sequences 
Sn{x) and S^{x) may not be bounded in i<i)(A1) at the same time. 

We define 'H2{M) (rosp. H^iM)) to be the space of all I/#-martingales such that 
dx £ L<s,{A4,£c) (resp. dx G L<s>{M,£r) ), equipped with the norm 

ll^ll«g(Ai) = ¥x\\L^(M,el) (rcsp. ||ai|^R(^) = \\dx\\L^(M,e%))- 

H%{M) and hI{M) arc Banach spaces. Note that if a; £ 'H%{M), 

M\h^(m) = sup||S'^(a;)||z,^(Ai) = WS'^ {x)\\l^(m)- 

* n>0 

Similar equalities hold for 'H^{M). 

Now, we define the Orlicz-Hardy spaces of noncommutative martingales as follows: If 
< 2, then 

H^{M) = h2{M) + n2{M), 

equipped with the norm 

M = inf { \\y\\HO(M) + MhS(M) : x = y + z,y€ H%{M), z € HUM)] . 
If 2 < p<t, 

Hg.[M) = h2{M) n h2{M), 

equipped with the norm 

\\x\\ = max|||a;||^C(^), ||a;||„H(_^)| . 

Wc refer to [4] for more information on 'H^{Ai). 

2.3. The space Lp{M;£°°). Given 1 < p < oo, recall that Lp{M;£°°) is defined as 
the space of all sequences (a;n)ri>i in Lp{A4) for which there exist a, b € L2p{M) and a 
bounded sequence {yn)n>i in -M. such that Xn = aynb for all n > 1. For such a sequence, 
set 

(2-4) ll(a;n)">l|lL^(A1.£-) := inf {||a||2pSUp||j/n||oc||6||2p}, 

n 

where the infimum runs over all possible factorizations of (a;„)„>i as above. This is a 
norm and Lp{M] is a Banach space. These spaces were first introduced by Pisier [29] 
in the case when M is hyperfinite and by Junge [18] in the general case. It is easy to 
check that 

(2.5) ll(a;")n>illip(Ai/~) = |^(l|ffl|lip + ll^llip) sup ||j/„||oo| , 

the infimum taken over the same parameters as above. 
As in [21], we usually write 

Ilsup+Xnil = ]|(a;„)„>i|]z,p(^,^oo). 
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We warn the reader that this suggestive notation should be treated with care. It is used 
for possibly nonpositive operators and 

||sup+a;„|| ^ ||sup+|a;„||| 

n n 

in general. However it has an intuitive description in the positive case, as observed in [21] 
(p. 329 there): A positive sequence (x„)„>i of Lp{M) belongs to if and only 

if there exists a positive a € Lp(A1) such that a;„ < o for any n > 1 and in this case, 

(2.6) ||sup'''Xn|| = inf {||a|lp : a G Lp(A1), a;„ < a, Vn > l}. 

In particular, it was proved in [21] that the spaces Lp{M;i°°) for all 1 < p < oo form 
interpolation scales with respect to complex interpolation. However, this result is no 
longer true for the real interpolation. This is one of the difficulties one will encounter for 
dealing with Marcinkiewicz type theorem on maximal functions in the noncommutative 
setting. 



3. Noncommutative integral inequalities 

In this section, we will establish a noncommutative integral inequality for convex func- 
tions of maximal functions, which plays a crucial role in the proofs of Theorems 1.1, 1.2, 
and 1.3. 

To this end, we introduce the following definition. 

Definition 3.1. Let 1 < po < pi < oo. Let S = {Sn)n>i be a sequence of maps from 

L+^{M) + L+^(M)^L+{M). 

(1) 5* is said to be subadditive, if for any n > 1, 

Sr.{x + y)< S4x) + S4y), yx,y e L+ (X) + L+ (X). 

(2) S is said to be of weak type {p,p) (po < p < Pi) if there is a positive constant C such 
that for any x € L+(A4) and any A > there exists a projection e € M such that 

T-(e-L) < ^^iMky and eSn{x)e < A, Vn > 1. 

(3) S ts said to be of type {p, p) (po < p < pi) if there is a positive constant C such that 
for any x € L^(A4) there exists a € L^{Ai) satisfying 

< C'l|a^l|j> o-i^d Sn{x) < a, Vn > 1. 

In other words, S is of type {p,p) if and only if \\S{x)\\Lp(M;e'>') ^ C'|]a;|]p for all 
X e L+{M). 

This definition of subadditive operators in the noncommutative setting is due to Junge 
and Xu [21], who proved a noncommutative analogue of the classical Marcinkiewicz inter- 
polation theorem as follows. 

Theorem 3.1. ([21], Theorem 3.1) Let 1 < po < pi < oo. Let S = (S'n)n>i be a sequence 
of maps from L^g{M.) + 1/+^ (A1) i-^ Lq{M). Assume that S ts subadditive. If S ts of 
weak type {po,po) with constant Co and of type (pi,pi) vnth constant Ci, then for any 
po < p < pi, S is of type {p,p) with constant Cp satisfying 

Cp<CC'o-'c'i(^-^-)" 
\po pj 

where 6 is determined by 1/p = {1 — 0)/po + 6 /pi and C is an absolute constant. 

To state our result on noncommutative integral inequalities, we need more notations. 
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Definition 3.2. Let $ be an Orlicz function. Let (xn) be a sequence m L4,{M). We 
define r[$(sup„+a;„)] by 

(3.1) r[$(sup+x„)] :=mf|i(r[*(|an]+r[*(|6n])supj|y„|| 



where the infimum is taken over all decompositions Xn = ay„h for a,b € Lo{M) and 
(yn) C Loo{M) with |o|^, € L»(A^), and Hjynlloo < 1 for all n. 

Remark 3.1. This definition is motivated by (2.5), wliich is a key point of this paper. A 
direct generahzation of the original form (2.4) seems to be invalid for the convex function 
of maximal functions. 

To understand r [$(sup„"'"a;„)] , let us consider a positive sequence x = (a;„) in L^{A4). 
We then note that 

(3.2) rf$(sup+a:„)l < r[$(a)], 

if o £ L'^{A4) such that x„ < a for all n. Indeed, for every n there exists a contraction 

1 1 11 

Un such that xi = UnU^ and hence Xn = a^u'^Una^ . This concludes (3.2). Moreover, the 

converse to (3.2) also holds true provided $ G A2 (sec Proposition 3.1 below). 

We collect some basic properties of the quantity r [$(sup^^x„)] . 

Proposition 3.1. Let $ be an Orlicz function satisfying the A2-condition. 

(1) If X = (xn) is a positive sequence in L^{M), then 

T|^$(sup"'"a:n)] ~ inf |t[3>(o)] : a € L^{M) such thatXn < a^n > l|. 

(2) For any two sequences x = {xn),y = {yn) in Li>{M) one has 

r|^*(sup+(a;„ + j/„))j < r |^$(sup+x„)] + r [^$(sup+y„)j . 

Proof. (1). Let (xn) be a sequence of positive elements in L4,{M). Suppose Xn — aynb 
with [ap, [fep G L^{M) and sup„ ||yn||oo < 1. Without loss of generality, we can assume 

0. 6 > 0. Set c = (a^ + 6^)^''^. Then there exist two partial isometrics u,v ^ M. such that 

a = cu and b = vc, 

1. e., Xn = cuynVC for all n, and sup^^ ||Mjy„w||oo < 1. Thus, Xk < sup„ llynlioo for all k. 
By the A2-condition, one has 



T 



[$(c'sUp||j/„||.o)] < SUp||t/„||.oT[$(c')] 



< 



C*sup||y„|ui(r[$(|an] +r[$(|6n]). 



Combining this with (3.2) completes the proof of (1). 

(2). We have the following uscftil description of T[$(sup„"'"a;„)] : 

(3.3) r[$(sup+cc„)] =inf{l(r[*(|an]+r[*(|6r)])}, 

where the infimum is taken over all decompositions Xn ~ ay„b for a.b G Lo(A1) and 
{yn) C Loo{M) with |a|^, \bf G Li,{M), and sup„ ||j/n||oo = 1. Indeed, for a decomposition 
Xn = aynb with sup„ ||t/n||cxi < 1, we set a = X^^^a, b = X^^^b, and y„ = j/n/A with 
A = sup„ ||yn||cx.. Then Xn = aynb for all n and sup„ ||yn||oo = 1, so that 

r[m~af)] +r[$(|6|^)] < A(r[*(|an] +r[*(|6n]). 

This concludes (3.3). 

Now, to obtain the required inequality, it suffices to repeat the proof of the first part 
of Theorem 3.2 in [13] through using (3.3). We omit the details. □ 
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Remark 3.2. For a sequences x — (xn) in Li,{Ai), sot 

||sup+a;„||^ := inf|A>0: r[$(^sup+^)j < l| . 

One can check that Hsup^+XnH* is a norm in a; = Define 

L.i{M;e°°) := |(a;„) C -L*(A4) : ^[^'(sup+y)] < oo for some A > o| , 

equipped with ||(a;n)||L^(A4;<=«) ~ l|sup„^a'n||*- Then Lci>(A^;£°°) is a Banach space. For 
1 < p < oo, if = f then L^{M;£°°) = Lp{M;i°°), which was studied extensively in 
[21]. The details are left to the interested readers. 

We are ready to state and prove the main result of this section. 

Theorem 3.2. Let S = {Sn)n>n be a sequence of maps from L^{M)+L^{A4) i— > L'^{M). 
Let 1 < p < oo. Assume that S is subadditive. If S is simultaneously of weak type {p,p) 
with constant Cp and of type (oo,oo) with constant Coo, then for an Orlicz function $ 
with p < p# < g# < oo, there exists a positive constant C depending only on Cp, Coo,p* 
and such that 



(3.4) 

for all X € Lj(A4). 



$ sup+S'„(a;) 



<Ct[^{x)], 



Proof. Since S is of weak type (p,p) with constant Cp, for any x € L^{M) and each A > 
there is a projection q'"^' e Ai such that 

r(l -qW)<^l[Ml and g(^)S„(x)gW < Ag^, Vn > 1. 



For any fc £ Z we set 



gfc = /\ g'^'' and pk ^ qk - qk-i- 
j>k 

We claim the following two facts. 

(i) qkSn{x)qk < 2''qk and 

(3-5) r(l-g.)< ^ Vfc € Z. 

(ii) Suppose in addtion, that x G M. Fix an integer A'' and a sequence {ak)k=-oo of 
positive numbers for which X]fe<iv §^ < Then the operator 

(3.6) o = 2Coo||a;||(l-giv) + 2( —) '^"P''- 



is a majorant of S(x), i.e., Sn{x) < a for all n> 1. 
To prove these two statements, note that 
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which proves (3.5). On the other hand, for a fixed ^ G H we have 

k,m.<N 

< E \\PkSn{x)pm\\\\Pkm\Pma 

k,m<N 

< Yl \\PkSnix)pk\\^\\PmS„{x)pm\\^\\pki\\\\PmQ 
k,m<N 

= {Y\\PkSn{x)pk\\--\\Pkay- 

k<N 

Since pkSn{x)pk < 2''pk and so ||pfeS'„(a::)pfe|j < 2*^, one concludes that 

k<N '^^ k<N 

where ajv = [Y,k<N I7) J2k<N'^kPk- Note that 

S„{x) < 2qNS„{x)qN + 2(1 - qN)Sn{x){l - qN)- 

Thus, a is a majorant of S{x). 
Take x € LJ(jM) and introduce 

X = Y^2'+''E^^i^2i+i]{x) = Y^2'ei, 

where a = £'(2^,00) {x)- For a fixed a, we will construct a suitable majorant of the sequence 
'S'(ej) = {Sn{ei))n>i- To this end, we take p < q < p<s> and set 

S=l(l + i) and afe = MS^^-'^h, 
2 \p q/ 

where h{t) = min{t~'', 1} and A'' is the largest integer satisfying 

io h{t-^f-2^+^- 

By (3.6) we obtain the corresponding majorant of the sequence S{ei) = (S'n(ei))n>i, 
denoted by o<. We claim that there exists a constant C > depending only on Cp, Coo,p 
and q such that 

(3.7) ^lt{m)<Ch{^—) and h{ai) < -^h(^--), Vt > 0, 

\T(ei)/ 1 — \T(ei)/ 

where /it(.T) = \ /(* iJ.s{x)ds for any a- G i()(A4) and all t> Q. 
Indeed, an immediate computation yields that 

H{ai) < 2Coo(x[0,T(l-q„)) + Yl 2~'''^~'°'''X(T{l-qfc)),r(l-gfc_i)])- 

k<N 

By (3.5) one has 

fj,{ai) < 2C7oo(^X[0,C^2-PNT(ei)) + 2 ''^^ ''*''X(Cp-'=Pr(ei),C^2(-'=+l)PT(ei)]) > 

fe<JV 

where Cp = C|/(l - 2"^). Since for any t G (C;2"'=''r(e0, C;2(-'=+''''T(ei)], 
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we follow that 

Utiai) < 2Coo(^X[0,C^2-P"r(e,))(*) + 'l(2 " ^/^(g.) j>^(C;2-P«T(e.).oo)(^)j 



[( 2^ t \ / _ 2^ t \ / 2^ t W 



t 



\T(ei)/ 

This proves the first inequality in (3.7), from which the second one follows. 
Since x i— > /t(x) is sublinear, we have 



$(^^2^/it(a0)dt 



= r$r r^2"x{o..(e.)](^)(-ft'(s))ddt. 

Note that [itii) = Sigz 2'X{o,T((!,i)l ''^^^ hence we have 
Define T : Li (Al) + Loo ii (0, oo) + Loo (0, cxd) by 

f-OO 

(Tx)(t)= fit(x)(-h'(s))ds, Vi>0. 



Then 

poo 

\\Tx\\,< / ||A-(a;)||«(-ft'(s))ds = Cp,,||A(x)||, <Cp,,||x|U,(^), 

J 



where the last inequality is obtained by the classical Hardy-Littlewood inequality: the 
mapping / ^ | /g |/(s)|ds is bounded in Lg(0,oo) provided 1 < g < oo. Also, it is easy 
to check that T is of type (oo, oo). Thus, by Theorem 2.1 in [4] we conclude that 

^ ( E 2^«0] -T'^ir^i {x){-h'{s))ds] dt<T [$(£)] . 

Since x <2x and 

S„{x) < Snix) < 2'ai, Vn > 1, 

we conclude (3.4). □ 

Remark 3.3. (1) The classical Marcinkiewicz interpolation theorem has been extended 
to include Orlicz spaces as interpolation classes by A. Zygmund, A. P. Calderon et 
al. (for references sec [26]). The noncommutative analogue of this was recently ob- 
tained in [4]. Theorem 3.2 can be considered as a noncommutative analogue of the 
Marcinkiewicz type interpolation theorem for convex functions of maximal functions. 
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(2) One could expect that Theorem 3.2 should be valid under the assumption that S is 
simultaneously of weak type (po,Po) and of type (pi,pi) and $ an Orlicz function 
with 1 < po < P* < ?* < pi < oo. At the time of this writing, this question remains 
open. However, this is indeed the case for weak type moments of maximal functions, 
see Theorem 5.1 below. 

4. Proofs of main results 

Let $ be an Orlicz function. As noted in [4] (Remark 1.1 there), if 1 < p# < g# < oo, 

then for any noncommutativo Lci>-martingalc x = (xn), there exists a unique Xoo € L#(jVl) 
such that Xn ~ £n{xoo) for all n. Wc simply write Xoo = a; in this case. 

First of all, we prove the noncommutative analogue of the Doob inequality for convex 
functions of maximal functions on martingales. 

Proof of Theorem 1.2. Decomposing an operator into a linear combination of four 
positive ones, we can assume that x = {xn) is a positive martingale in Lis,{M). Let 
S = {£n)- By Cuculcscu's weak type (1, 1) maximal martingale inequality [11], we see that 
S is of weak type (1, 1). Also, by Junge's noncommutative Doob inequality in p = oo we 
have that S is of type (oo, oo). Thus, by Theorem 3.2 we conclude that 

$ I sup''"a;T 



To prove the converse inequality, consider a decomposition Xn = aynb for all n and 
sup„ ||j/n||oo < 1. One has 

poo poo 

T [^i\x\)] < / $(/it(a;))dt < sup ||2/„||oc / f (Mt(|o||6|))dt 

Jo n Jo 

poo 

<2sup||j/„||oc / *[/it(|a|)/it(|6|)]dt 

n Jo 

< 2sup||2/„||oo j <^\^[iit{\a\f + iit{\b\fy\dt 



< 2 



sup||2/„||oci(r[$(H^)]+r[$(|6|^)]). 



Thus, 



r 



mx\)] < 2r 



$ sup 



This completes the proof. □ 

Remark 4.1. Let $ be an Orlicz function. We define the Orlicz maximal space of 
noncommutative martingales as 

L^'^iM) := {x € L^{M) : \\x\\l^^^ = ||sup+f„(a;)||^ < oo}. 

n 

Then, Theorem 1.2 implies that L^'^'^{M.) = L<s>{M) with equivalent norms provided 
1 < P* < 9* < oo. 

Now we are ready to prove Theorem 1.1. 

Proof of Theorem 1.1. It is proved in [4] that if 1 < p^. < g# < 2, then 
(4.1) r[3.(|x|)]«inf|r($[(gfer)'])+r($[(g|d4r)^]) 



fc=0 
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where the infimum runs over aU decomposition a;„ = j/„ + Zn with y„ in '}i%{M) and Zn 
in 'H5(A^); and if 2 < < < oo, then 

(4.2) r mx\)\ « max r ($ [( ^ \dx^f) "] ) , r ($ [( ^ Wlf) '] 

I fc=0 fc=0 

An appeal to (1.4) yields the required inequahtics (1.2) and (1.3). □ 

Remark 4.2. We note that there is a gap in the proof of (4.2) in [4], as pointed out to 
us by Q.Xu. This was recently resolved in [14]. 

Then we turn to the proof of Theorem 1.3. 

Proof of Theorem 1.3. Decomposing an operator into a Unear combination of four 
positive ones, we can assume x G Lj(A4). Let S — (Mn). Each M„ is considered to bo a 
map on L^{M) + Ll^{Ai), positive and additive (and so subadditive too). Yeadon's weak 
type (1, 1) maximal ergodic inequality in [37] says that S is of weak type (1, 1). Also, S is 
evidently of type (oo,oo). Then, Theorem 3.2 concludes (1.5). 

On the other hand, let S = (T"). Then S is additive and so subadditive. By Theorem 
5.1 in [21], S is of type {p,p) for every 1 < p < oo. An appeal to Theorem 3.2 immediately 
yields (1.6). □ 

Let us present two examples illustrating applications of the inequalities obtained above. 

Example 4.1. Let $(t) = ln(l + 1'') with a > 1 and 6 > 0. It is easy to check that $ 
is an Orlicz function and 

p<s> = a and q<s> = a + b. 

Thus, both Theorems 1.2 and 1.3 can bo applied to this function. Furthermore, if 1 < 
a < a + b < 2, then (1.2) holds true; if a > 2, then (1.3) is valid. Unfortunately, when 
l<o<2<o + 6, then Theorem 1.1 gives no information. 

Example 4.2. Let $(t) = P(l + csin(plnt)) with p > 1/(1 - 2c) and < c < 1/2. Then 
$ is an Orlicz function and 

= g# = p. 

Therefore, Theorems 1.2 and 1.3 can be applied to this function, and so does Theorem 
1.1 except the case p = 2. 

5. Weak type inequalities 

All the results continue to hold if wo replace the noncommutative maximal function 
r [$(supyj'''a;„)] by a certain weak maximal function, as considered in [5]. The required 
modifications are not difficult and left to the interested reader. However, for the sake of 
convenience, we write the corresponding definitions and results, and some main points 
of Theorem 5.1. We refer to [5] for noncommutative weak Orlicz spaces and for the 
terminology used here. 

Let $ be an Orlicz function. For x £ L^{M), we set 

||a;||*,oo = sup [fit (x)]. 
t>o 

When $(f) = t'' , ||a;||4.,oo is just the usual weak Lp-iiorm ||.t||p,oo. 

Definition 5.1. Let (xn) be a sequence in L^,{M). We define ||sup^+x,i jls.oo by 

(5.1) ||sup+a;„||4,,oo := inf i ^ (|| |ci|^ ll^,^^ + IH^ll^.,^) sup||y. 



n oo 



where the infimum is taken over all decompositions Xn = aynb for a,b £ Lo{M) and 
iVn) C L^{M) with |o|^ € L^{M), and ||j/„||oo < 1 for all n. 
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Theorem 5.1. Suppose 1 < Po < pi < oo. Let S = {S„)n>o be a sequence of maps from 
Lp(j(A1) +Lpj(A1) I-)- L'^{M). Assume that S is subadditive. If S is of weak type (po,Po) 
with constant Co and of type {pi, pi) with constant Ci, then for an Orlicz function $ with 
Po < ffl* < &* < pi, there exists a positive constant C depending only on po, pi,Co,Ci 
and such that 



(5.2) 

for allxe L^iM)^ 



SWp Sn{x] 



<C\\x\ 



Proof. We give the main point of the proof. Indeed, modifying sUghtfy the proof of 
Theorem 3.1 in [21] we conclude that for po < p'o < < b<s> < p[ < pi < oo, 



SUp^S„(2 



<c„ 



0,1, 



that is, for each Xi G L+, (M) there exists o, € L+, (M) such that 



(5.3) 



lla^llp^.oo <Cb->llp^,oo and S„(a:0 < Vn > 1. 



(This can be also obtained by Theorem 5.4 below.) 

Now, take x £ L'^{Ai) + . For any a > let x — Xq + x", whore Xq = xef^a,oo){x)- By 
(5.3), for X™ there exists a corresponding a, (i = 0, 1). The remainder of the proof is the 
same as that of the proof of Theorem 4.2 in [5]. □ 

The following is the weak type Doob inequality for noncommutative martingales. 

Theorem 5.2. Let M be a finite von Neumann algebra with a normalized normal faithful 
trace t, equipped with a filtration {M.n) of von Neumann subalgebras of A4. Let $ be 
an Orlicz function and let x = (xn) be a noncommutative L'^ -martingale with respect to 
{Mn). // 1 < a# < 6# < oo, then 



(5.4) 



sup Xn\\ 



Combining this with Theorem 5.8 in [5] and the corresponding result in [14] we have 
the following weak type moment Burkholder-Davis-Gundy inequality for noncommutative 
martingales. 

Theorem 5.3. Let M be a finite von Neumann algebra with a normalized normal faithful 

trace r, equipped with a filtration {Mn) of von Neumann subalgebras of M. Let $ be an 
Orlicz function and let x = (x„)„>o be a noncommutative Lit-martingale with respect to 
{M.n)n>o- // 1 < o* < 6* < 2, then 



(5.5) 



sup x„\ 



inf ■ 



where the mfirnum runs over all decomposition x„ =yn + z„ with (j/n) in L%{M.\l'c) and 
{zn) in L%{M.\i\); and i/2 < a$ < 6$ < oo, then 



(5.6) 



sup Xn 



\dxk\ 



The weak type moment analogue of Theorem 1.3 concerning maximal ergodic inequal- 
ities is similar and omitted. 

Moreover, we can obtain the associated maximal inequalities on noncommutative sym- 
metric spaces. Let -E be a rearrangement invariant (r.i., in short) Banach space and 
E{M.,t) the associated noncommutative symmetric space. For details on r.i. spaces we 
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refer to [24] and for the theory of noncommutative symmetric spaces to [15, 16, 23, 35]. 
Then we have 

Theorem 5.4. Let S = (Sn)n>» be a sequence of maps from {A4)+Lia{M) ^L'^{A4). 
Assume that S is subadditive. Let 1 < p < oo. Let E be a rearrangement invariant 
space with the upper Boyd index ps > P- If S is simultaneously of weak type {p,p) with 
constant Cp and of type (oo,oo) with constant Coo, then there exists a positive constant 
Ce depending only on Cp,Coo,p and pE, such that for any x £ E^{M,t) there exists 
a € E'^{M.,t) satisfying 

(5.7) ||o||i3(Ai,T) < C'£;||a;||B(^,T) and S„{x) < a, Vn > 0. 

Proof. Indeed, the construction of the majorant oi S = {Sn{x)) in the proof for Theorem 
3.2 is clearly valid. Hence, we have 

y"2'ail| < 11 / n_(x)(-h'(s))ds\\ 

\\E{M,r) ^WJo We 

poo 

/ \\D,tj.{x)\\E{-h'{s))ds 
Jo 

Ds\\E{-h' {s))ds\\x\\E{M,T)- 



< 



Jo 



Here Ds (0 < s < oo) are linear operators acting on measurable functions / on (0, oo) 
defined by 

{DJ){t) = f{t/s), Q<t<oo. 
It is known that for 1 < g < there is a constant Cs.q > such that 

\\Ds\\e <CE,qS^ , Vl< S < OO. 

Thus 

\\Ds\\E{—h' {s))ds < CE,q J S« ^ds = CpE,q,p < OO. 

This completes the proof. □ 

Now, the expected results on noncommutative symmetric spaces are in order, including 
the Doob maximal martingale inequality, Dunford-Schwartz and Stein maximal ergodic 
inequalities, as well as the corresponding pointwise convergence theorems (see [21] for 
detailed information). We omit the details. 
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